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Abstract 

We prove the asymptotic stability of standing kink for the nonlinear relativistic wave 
equations of the Ginzburg-Landau type in one space dimension: for any odd initial con- 
dition in a small neighborhood of the kink, the solution, asymptotically in time, is the 
sum of the kink and dispersive part described by the free Klein-Gordon equation. The 
remainder converges to zero in a global norm. Crucial role in the proofs play our recent 
results on the weighted energy decay for the Klein-Gordon equations. 
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1 Introduction 



We prove the asymptotic stability of kinks for relativistic nonlinear wave equations with two- 
well potentials of Ginzburg-Landau type. The work is inspired by the problem of stability of 
elementary particles which are modeled as solitary waves of the equations. We consider the 
equation 

4)(x,t) = ?p"(x,t) + F(ip(x,t)), xGl (1.1) 

where ip(x,t) is a real solution, and F(ip) = —U'(ip). We consider the potentials U(ip) similar 
to the Ginzburg-Landau potential Uo(ip) = (ip 2 — 1) 2 /4 which correpsonds to the cubic equation 
with F(ifj) = ijj — ip 3 . 

Condition Ul. The potential U (ip) is a real smooth even function which satisfies the following 
conditions with some a, m > and sufficienly large k > 0, 

U{ip) > for ip^±a (1.2) 
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U(ip) = —{ipTaf + 0{\i)Ta\ 2k ), x -* ±a (1.3) 
In the vector form, equation (11. ip reads 

ip(x, t) = 7r(x, t) 

ix(x,t) = i/j"(x,t) + F(i/j(x,t)), i6l 
Formally it is a Hamiltonian system with the Hamilton functional 



W, *) = f + + UMx))] dx (1.5) 

The corresponding stationary equation reads 

8 "-U'(s) = (1.6) 

The constant solutions of the stationary equation are: ip = ±a - stable stationary solutions, 
and ip = - unstable stationary solution. There is also a "kink", i.e. an odd nonconstant finite 
energy solution s(x) to (jl.6p such that 

s(0) = 0, s(x) — > ±a as x — > ±oo (1.7) 

The condition Ul implies that (s(x) =F a )" ~ m 2 (s(x) =F a) for x — > ±oo, hence 

s( x ) T a ~ Ce-^l, x^±oo (1.8) 

The generator of linearized equation near the kink reads (see Section [2]) 
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where H is the Schrodinger operator 



H = -—-F'(s) = -— + m 2 + V(x), V(x) = -F'(s(x)) - m 2 = U"(s(x)) - m 2 (1.9) 
ax 2 ax 2 

By (11. 8p . we have 

~ C(s(x) =F a) 2k ~ 2 ~ Ce-^-^l, z -> ±00. (1.10) 

The continuous spectrum of the operator H is Spec c /f = [m 2 ,oo). By technical reasons, we 
restrict in this paper to odd solutions i[)(—x,t) = —if)(x,t). We assume the following spectral 
conditions: 

Condition U2. The discrete spectrum of the operator H restricted to the subspace of odd 
functions consists only of one simple eigenvalue 

Ai<m 2 , 4Ai>m 2 (1.11) 

We also consider the edge point A = m 2 of the continuous spectrum and assume that 

A = m 2 is not eigenvalue nor resonance for the Schrodinger operator H (1.12) 

We assume also a non-degeneracy condition "Fermi Golden Rule" introduced by Sigal [25] . 
The condition provides a strong coupling of the nonlinear term with the eigenfunctions of the 
continuous spectrum and the energy radiation. 

Condition U3. The non- degeneracy condition holds (cf. condition (1.0.11) in J3J/j 

POO 

/ ^ Xl (x)F"( S (x))v 2 Xi (x)dx^0 (1.13) 
Jo 

where <p\ 1 (x) and (x) are the odd eigenfunctions of discrete and continuous spectrum cor- 
responding to Ai and 4Ai respectively. 

The Ginzburg-Landau potential Uo(tp) = (ip 2 — l) 2 /4 satisfies all the conditions Ul— U3 except 
(11.31) . In Appendix C we construct small perturbations of the Ginzburg-Landau potential which 
satisfy all the conditions Ul— U3 including (II. 3p . 
Our main results are the following asymptotics 

ty(x,t),i>(x,t))~{s{x),0)+Wo{t)$±, t^±oo (1.14) 

for solutions to (11.41) with odd initial data close to the kink S(x) = (s(x),0). Here W (t) is 
the dynamical group of the free Klein-Gordon equation, $± are the corresponding asymptotic 
states, and the remainder converges to zero ~ r 1/3 in the "global energy norm" of the Sobolev 
space ff 1 (IR) ©L 2 (R). We consider the odd initial data to fix the limit standing kink: otherwise, 
the asymptotic holds with a moving kink that we will consider elsewhere. 

Remark 1.1. We consider the solutions close to the kink, ip(x,t) = s(x) + (j)(x,t), with small 
perturbations <f)(x,t). For such solution the condition U.3\) and the asymptotics U.8\) mean 
that the equation II 1.1}) is almost linear for large \x\. This fact is helpful for application of the 
dispersive properties of the corresponding linearized equation. 
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Let us comment on previous results in this field. 

• The Schrddinger equation The asymptotics of type (I1.14p were established for the first time by 
Soffer and Weinstein [26] [27] (see also [21]) for nonlinear L^l) -invariant Schrddinger equation 
with a potential for small initial states if the nonlinear coupling constant is sufficiently small. 

The results have been extended by Buslaev and Perelman [Tj to the translation invariant ID 
nonlinear ?7(l)-invariant Schrddinger equation. The initial states are sufficiently close to the 
solitary waves with the unique eigenvalue A = in the dicrete spectrum of the corresponding 
linearized dynamics. The novel techniques [T] are based on the "separation of variables" along 
the solitary manifold and in transversal directions. The symplectic projection allows to ex- 
clude from the transversal dynamics the unstable directions corresponding to the zero discrete 
spectrum of the linearized dynamics. The extensions to higher dimensions were obtained in 

[| [UGH EI]. 

Similar techniques were developed by Miller, Pego and Weinstein for the ID modified KdV 
and RLW equations, [HI [20] . These techniques were motivated by the investigation of soliton 
asymptotics for integrable equations (a survey can be found in [S] and [H]), and by the methods 
introduced in [23 EH E3] ■ 

The techniques were developed in [21 [3] for the Schrddinger equations in more complicated 
spectral situation with presence of a nonzero eigenvalue in the linearized dynamics. In that 
case the transversal dynamics inherits the nonzero discrete spectrum. Now the decay for the 
transversal dynamics is obtained by the reduction to the Poincare normal form which makes 
obvious that the decay depends on the Fermi Golden Rule condition [TBI [25] . The condition 
states a strong interaction of the nonlinear term with the eigenf unctions of the continuous 
spectrum which provides the dispersive energy radiation to infinity and the decay for the 
transversal dynamics. The extension to higher dimensions were obtained in [51 El [29]. Tsai 
[32J developed the techniques in presence of an arbitrary finite number of discrete eigenvalues 
in the linearized dynamics. 

• Nonrelativistic Klein- Gordon equations The asymptotics of type (11 . 14j) were extended to the 
nonlinear 3D Klein-Gordon equations with a potential [28], and for translation invariant system 
of the 3D Klein-Gordon equation coupled to a particle [13]. 

• Wave front of 3D Ginzburg- Landau equation The asymptotic stability of wave front were 
proved for 3D relativistic Ginzburg-Landau equation with initial data which differ from the wave 
front on a compact set [7]. The equation differs from the ID equation (11. ip by the additional 
2D Laplacian. The additional Laplacian improves the dispersive decay for the corresponding 
linearized Klein-Gordon equation in the continuous spectral space that provides the needed 
decay for the transversal dynamics. 

• Orbital stability of the kinks For ID relativistic nonlinear Ginzburg-Landau equations (II. ip 
the orbital stability of the kinks has been proved in [12] . 

The proving of the asymptotic stability of the kinks for relativistic equations remained an 
open problem till now. Main obstacle was the slow decay ~ t~ x l 2 for the free ID Klein-Gordon 
equation (see the discussion in [7J Introduction]). 

Let us comment on our approach. We follow general strategy of [H [2], [3J [Tl SI O [131 [23 
[3T1 [32] : linearization of the transversal equations and further Taylor expansion of the nonlin- 
earity, the Poincare normal forms and Fermie Golden Rule, etc. We develop for relativistic 
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equations general scheme which is common in almost all papers in this area: dispersive and 
ji _ jjx> estimates for the linearized equation, virial estimates for the nonlinear equation, and 
method of majorants. However, the corresponding statements and their proofs in the context 
of relativistic equations are completely new. Let us comment on our novel techniques. 

i) The slow decay ~ t -1 / 2 for the free ID Klein-Gordon equation corresponds to the presence of 
the resonances at the ends of the continuous spectrum. We overcome the difficulty developing 
our recent result [15] identifying the slow decaying component with the contribution of the res- 
onances of the free ID Klein-Gordon equation. More precisely, we prove that the contribution 
of the high energy spectrum decays like ~ t~ 3 / 2 , in the weighted energy norms. This result 
plays the crucial role in our paper, and provides the decay ~ t~ 3 / 2 for the transversal linearized 
dynamics since the end points of continuous spectrum are not resonances in our case due to 
the antisymmetry of the solutions. 

ii) The "virial type" estimate (1H. 2j) for the nonlinear Ginzburg-Landau equation (11. ip is novel 
relativistic version of the bound [3j (1.2.5)] for the nonlinear Schrodinger equations; 

iii) We give the complete proof of the dispersive estimate (13.40P ; 

iv) We establish an appropriate relativistic version (I3.36P of L 1 — > L°° estimates; 

v) We prove novel optimal decay estimate (17. 1321) for the dynamical group of the free ID Klein- 
Gordon equation; 

vi) We give the complete proof of the soliton asymptotics (I1.14p . In the context of the 
Schrodinger equation, the proof of the corresponding asymptotics were sketched in [3]. 

vii) Finally, we construct the examples of the potentials satisfying all our spectral conditions 
including the Fermie Golden Rule. The examples were never constructed in all previous papers 
in this area. 



Our paper is organized as follows. In Section [2] we formulate the main theorem. The 
linearization at the kink is carried out in Section [31 In Section H] we derive the dynamical 
equations for the "discrete" and "continuous" components of the solution. In Section \5\ we 
transform the dynamical equations to a Poincare "normal form". We apply the method of 
majorants in Section [6j Finally, in Section [7] we obtain the soliton asymptotics (11.141) . 



In Appendices A and B we prove the key estimates flH. 2p and (13.401) . In Appendix C we 
construct the examples of the potentials. 

Acknowledgements The authors thank V.S. Buslaev, H. Spohn, and M.I. Vishik for 
fruitful discussions. 

2 Main results 

We consider the Cauchy problem for the Hamilton system (I2.15P which we write as 

Y(t) = F(Y(t)), tGffi: Y(0) = Y . (2.15) 

Here Y(t) = (tp(t),n(t)), Y = (^ ,7r ), and all derivatives are understood in the sense of 
distributions. To formulate our results precisely, let us first we introduce a suitable phase space 
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for the Cauchy problem (I2.15p . We will consider only odd states Y = (ip, 7r): 

i/)(-x) = -il>(x), vr(-x) = -tt(x), xeR (2.16) 

The space of the odd states is invariant with respect to dynamical equation (11. ip since the 
potential U(ip) is even function according to (U), and hence F(ip) is the odd function. 

For a G R, and I = 0, 1, 2, p > 1, let us denote by Wg' 1 , the weighted Sobolev space of 
the odd functions with the finite norm 

i 

ll^llw*.' = X) 11(1 + larD'^llxp < oo 

k=0 

and H l a := so H® = L\. 

Definition 2.1. i) E a := H\ © L 2 a is the space of the odd states Y = (?/>, it) with finite norm 

imkHMk + ikik ( 2 - 17 ) 

ii) The phase space £ := S + E , where E = E and S = (s(x), 0). The metric in S is defined 
as 

p £ (Y 1 ,Y 2 ) = \\Y 1 -Y 2 \\ E , Y u Y 2 e£ (2.18) 
Hi) W := Wq' 2 © W ' is the space of the odd states Y = (if), it) with finite norm 

\\Y\\w = W\ w ^ + h\\ w iA (2.19) 

Obviously, the Hamilton functional (11.51) is continuous on the phase space £. The existence 
and uniqueness of the solutions to the Cauchy problem (I2.15P follows by methods [TTJ [22j 30J: 

Proposition 2.2. i) For any initial data Yq e £ there exists the unique solution Y{t) G C(R, £) 
to the problem 112. 15\) . 

(ii) For every itel, the map U(t) : Y i— > Y(t) is continuous in £. 
(Hi) The energy is conserved, i.e. 

U(Y(t)) = H(Y ), t G R (2.20) 

The main result of our paper is the following theorem 

Theorem 2.3. Let the potential U satisfy the conditions (Ul)-(US) with k = 7, and let Y(t) 
be the solution to the Cauchy problem 112.15}) with any initial state Y G £ which is sufficiently 
close to the kink: 

Y = S + X , d := ||Xo|krw <1 (2.21) 
where a > 5/2. Then the asymptotics hold 

Y(x,t) = {s(x),0)+W Q (t)$± + r±(x,t), t -> ±oo (2.22) 

where $± G E, and Wait) = e Aot is the dynamical group of the free Klein-Gordon equation (see 
(GL23J), while 

\\ r± (t)\\ E = 0(\t\- 1 ^) (2.23) 

It suffices to prove the asymptotics (I2.22p for t — > +oo since the system (jl.4p is time 
reversible. 
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3 Linearization at the kink 

3.1 Linearized equation 

Let us linearize the system (jl.4p at the kink S(x) splitting the solution as the sum 

Y(t)=S + X{t), 

In detail, denote Y = (ip, tt) and X = (^f, IT). Then (I3.24p means that 

ip(x,t) = s(x) + ^(x,t) 
ir(x,t) = H(x,t) 

Let us substitute (13. 25ft to (11.41) . and linearize the equations in X. First, 

4f(x,t) = U(x,t) 

tl(x,t) = s"(x) + V"(x,t)+F(s(x)+V(x,t)) 
Second, by ( 11.61) we can write the equations ( 13.261) as 

X(t) = AX(t) +J\f(X(t)), teR 
where M{X) is at least quadratic in X. The linear operator A is 



.4 



1 
-H 



where H is the Schrodinger operator 



H = -^--F'{s) = -^- + m 2 + V{x) ) V(x) = -F'(s(x))-m 2 = U"(s(x))- 
ax 1 ax 1 

Finally, M[X) in ( 13T271) is given by 

AT(x, X) = ( , ° . j , N(x, *) = F(s(x) + *) - F(s(x)) - F'(s(x))^f 



N{x,ty) 

3.2 Spectrum of linearized equation 

Let us consider the eigenvalue problem for the operator (13.281) : 

*(:)-U!)(:)- A (: 

The first equation implies that «2 = Xu,\. Then u\ satisfies the equation 

(H + A 2 )mi = 



Hence, Condition (U2) implies that the operator A have two purely imaginary eigenvalues 
A = ±i/i where \x = \/Ai. The corresponding eigenvectors 



where we choose to be real function. This is possible since if is a differential operator with 
real coefficients. The continuous spectrum of the operator A coincides with C := (— ioo, -im] U 
[im, zoo). The end points A = ±im are not eigenvalues nor resonances for the operator A by 
Condition U2. 

3.3 Decay for the linearized dynamics 

Let us consider the linearized equation 

X(t) = AX(t), t G R (3.32) 

where A is given in f!3.28|) with V is defined in (|3.29p . Let (■,■) be the scalar product in 
L 2 (R, C 2 ). Denote by P d the symplectic projector onto the eigenspace E d generated by u and 

P d X = ^^u+^$u, XeE a , aeR (3.33) 
\u,ju) {u,ju} 

where 

' -f 



f 



(3.34) 



Note, that P d X is real for real X. Let P c = 1 — P d be the projector onto the continuous 
spectrum of operator A, and by E c the continuous spectral subspace. 

Next decay estimates will play the key role in our proofs. The first estimate follows from 
our assumption U2 by Theorem 3.9 of [15] since the condition of type [15, (3.1)] holds in our 
case in the class of the odd functions (12.161) . 

Proposition 3.1. Let the condition U2 hold, and a > 5/2. Then for any X G E a the weighted 
energy decay holds 

\\e At P c X\\ E _ a < C(l + ty 3/2 \\X\\ Ea , t G R (3.35) 
Corollary 3.2. For o > 5/2 we have for X G E a C\W 

Wie^X)^ < C(l + ty^QlXWw + ||X|UJ, t G R (3.36) 
Here (-)i stands for the first component of the vector function. 
Proof. Let us apply the projector P c to both sides of fj3.32|) : 

P C X = AP C X = A P C X - VP C X (3.37) 

where 

J)' v= (° o) p- 38 ' 
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Hence, the Duhamel representation gives, 

t 

e Atpc x = e A tpc x _ J e Mt-r) Ve Arpc xd ^ f > Q (3 gg) 



Applying estimate (265) from [23J, the Holder inequality and Proposition 13 . 1 1 we obtain 

t 

IKe^P^JiHroo < C(l + t)- 1 ' 2 \\P D X\\ w + cj(l+t- ry^WVie^P'X)^,! dr 



o 

t 



< C(l + ty^WXWw + cj(l + t- r)-^ 2 \\e Ar P c X\\ E _ a dr 

o 

t 

<C(l+t)- 1 / 2 ||X|| W r + C' J {l + t-r)- l / 2 {l + T)-^ 2 \\X\\ Ea dT<C{l+t)- x l\^X\\ w +\\X\\ Ea ) 

o 

□ 

Proposition 3.3. For a > 5/2 the bounds hold 

\\e At (A =p 2i/i - 0)-^^!!^ < C(l + t)- 3/2 ||X|U CT , t > (3.40) 
We will prove the proposition in Appendix B. 

4 Decomposition of the dynamics 

We decompose the solution to (12715) as 7(t) = S + X(t), where X(t) = w(t) + /(*) with 
w(t) = + G £ d and f(t) G £ c . 

Lemma 4.1. Let Y{t) = S + w(t) + f(t) be a solution to the Cauchy problem A2.15\) . Then the 
functions z(t) and f(t) satisfy the equations 

(z - ifiz) (u, ju) = (A/", ju) (4.41) 

/ = Af + P C M (4.42) 

with N defined in A3. 30\) . 

Proof. Applying the projector P d to the equation ( 13.27ft . we obtain 

zu + izu = Aw + P d M. (4.43) 

Using (u,ju) = and Aw = i/i(zu — zu), we get equation (14.411) . after taking the scalar product 
of equation (14.431) with ju since (P d )*j = jP d . Applying P c to (I3.27p . we obtain ( I4.42[) since 



P c commutes with A. □ 
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Remark 4.2. In the remaining part of the paper we shall prove the following asymptotics 

\\f{t)\\ E ^~r\ z(t)~r 1 / 2 , ||/i(t)||L-~r 1 / 2 , t^oo (4.44) 

To justify these asymptotics, we will single out leading terms in right hand side of the equations 
\4-4ty - \4-4ty - Namely, we shall expand the expressions for z up to terms of the order 0{tr 3 l 2 ), 
and for f up to 0{t~ l ) keeping in mind the asymptotics lj4-44]) - This choice allow us to obtain 
the uniform bounds using the method of majorants. 

Now let us expand N(x, *f?) from f)3.30p in the Taylor series 

N(x, *) = N 2 (x, *) + ... + N 12 (x, *) + N R (x, *) (4.45) 

where 

N j (x,9) = y^tf', j = 2, 12 (4.46) 

and Nr is the remainder. Condition Ul implies that F(ip) = —m 2 (ip =p a) + 0(\ip a\ 2k ~ 2 ) as 
tp — > ±a where = 7 by our assumption. Hence, the functions Nj(x, *f>) with j < 12 decrease 
exponentially as \x\ — > oo by (11. 8ft . while for the remainder iV^ we have 

|JV fl | = ft(|*|)|^| 13 = 72.(|^| + ||/i||l-)|^| 13 (4.47) 

where 7Z{A) is a general notation for a positive function which remains bounded as A is suffi- 
ciently small. 

Let us define Af 2 [X 1 ,X 2 ] = (0, N 2 [V U # 2 ]) and A/" 3 [X l5 X 2 , X 3 ] = (0, iV 3 [*i, # 2 , * 3 ]) as the 
symmetric bilinear and trilinear forms with 

F"(s) F"'(s) 
N 2 [*i, #2] = — ^M 2 , iV 3 [*i, * 2 , * 3 ] = — : ^#1*2*3 (4.48) 
2 o 

4.1 Leading term in i 

Let us rewrite (14.411) in the form: 

* ^ij^ (Ar 2 K^] + 2Ar 2 [ w ,/]+Ar 3 [ w ,^ w ], JM ) 

2; — — — — — h Zjr (4.4yj 

{U,JU) {U,JU) 

where 

\Z R \=n(\z\ + \\f 1 \\ L ~)(\z\ 2 + \\f\\ E _„) 2 (4.50) 

Note that 

M 2 [w,w] = (z 2 + 2zz + z 2 )Af 2 [u,u], Af 3 [w,w,w] = (z 3 + 3z 2 z + 3zz 2 + z 3 )Af 3 [u,u,u] (4.51) 
Hence, (I4.49p reads 

z = ifjtz + Z 2 (,2 2 + 2zz + z 2 ) + Z 3 (z 3 + 3z 2 z + 3zz 2 +^) + (z + z) (f, jZ[) + Z R (4.52) 
where, by (14.481) . 

(A/2[m,m], ju) (Af 3 [u,u,u},ju) AT 2 [u,u] 

z 2 - 1 r-r , ^3 - 1 r-r , ^1 - 2- — (4.bdJ 

(u,ju) \u,ju) {u,ju) 
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4.2 Leading term in / 

We now turn to equation (I4.42p which we rewrite in the form 

f = Af + P C M = Af + P C M 2 [w,w} + F R (4.54) 
The remainder F R = F R (x,t) reads 

F R = P\M{X) -Af 2 [w,w}) = (1 - P d ){N{X) - Af 2 [w,w}) = F I + F n + F m (4.55) 

Here 

Fl = -P d {J\[(X) - J\f 2 [w,w\), Fu=N{X)-N 2 [w,w]-Mr, F m =M R (4.56) 
where Mr = (0, N R ) with N R defined in (I4.45p . For Fj and Fn the following bound holds 

\\F T + F n \\ EanW = K(\z\ + ||/ 1 || L ^)(k| 3 + \z\\\f\\ E _„ + H/ilUcoll/IU.J (4.57) 
Indeed, Fj admits the estimate by (13.331) since the function u(x) decays exponentially. Further, 

(F n )i = 0, (F n ) 2 = 2N 2 ( Wl , h) + N 2 {f u fx) + iV 3 (*) + ... + iV 12 (*) 

and each summand contains an exponentially decreasing factor by Ul, (11.81) and (14. 46 p . Simi- 
larly, 

\\P c N 2 [w,w]\\ E „ nW <C\z\ 2 (4.58) 
It remains to estimate the term Fm. 

Lemma 4.3. For < v < 1/2, the term Fjjj = Mr = (0, N R ) admits the estimate 

\\Fiii\\e 5/2+u = n{\z\ + HAiU-Xl + t)^(\zr + ||/i||gc) (4.59) 
Proof. Estimate (14.591) means that 



By fl4~471) . we have 



\Nr\\lI /2+v = n\z\ + ||/i||z~)(l + t)^(\z\ 12 + U/ill&O (4.60) 



\ N *H^ = n ^ + HMW(M + IIAIIi~)ll*lk* /2+ „ 



We will prove in Appendix A that 

\m)\\Ll /2+ „<C(d )(l+t)^ (4.61) 

Then (ICTl) follows. □ 
Lemma 4.4. The bound holds 

\\Fni\\w = Tl{\z\ + ||/i|U-)(|2| 10 + HAll^oo) (4.62) 
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Proof. Step i) By the Cauchy formula, 



i 



Nr(x, t) = N 12 (x, t) + N R (x, t) = * fo*) J (I- p) u F^ (s + p*(x, t))dp 



Therefore, 

\\n r \\ l1 = n\ z \ + iiaim f \^dx = n\ z \ + wMMdzi + n/iiu~) lo u*ii£ 2 



= w(N + ll/ilW(l* 

since ||tf(t)|| L 2 < C(d ) by the results of [12]. 
5*tep ii) Further, 



11 + HAUL - 



i i 

rl2 r iTfH>Tf' 



JYb = J (l-p)V + P^ (13) (* + P*)d P + ^ | (l-p) u F^(s + p*)dp 



Therefore, 

||^|| L1 = 72.(I«| + \\fi\\u.)(\z\ + H/ilU^) 10 J \*{x)V(x)\dx < K(\z\ + \\A\M(\z\ 10 + 
since J \^(x)^'(x)\dx < ||*|| L a||*'||x,2 < C(d ). Finally, let us note that 

ii^iui^wcN + ii/iiwazr+ii/iii^.) 
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□ 



5 Poincare normal forms 

Our goal is to transform the evolution equations for z and / to a "normal form" removing the 
"nonresonant terms". 

5.1 Normal form for / 

We rewrite (I4.54p in a more detailed form as 

f = Af+{z 2 + 2zz + z 2 )F 2 + F R , F 2 = P c Af 2 [u, u}. (5.63) 

We want to extract from / the term of order z 2 ~ t^ 1 (see Remark 14. 2p . For this purpose we 
expand / as 

f = h + k + g, (5.64) 

where 

g (t) = -e At k(0), k = a 20 z 2 + 2a n zz + a 02 z 2 , (5.65) 
with some = a^(x) satisfying aij(x) = aij(x). Note that h(0) = /(0). 
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Lemma 5.1. There exist the coefficients aij G Ht a with any s > such that the equation for 
hi has the form 

h = Ah + E R (5.66) 

where 

H R = F R + Hj, with H I = J2 <kj(x)H{\z\ + ||/||b_JM(M + ll/IU-J 2 

Proof. Substituting ( I5.65P into ( I5.63p . we get 

h = f — (2a 2Q z + 2a\{z)z — (2anZ + 2a 02 z)z — g 
= Af + (z 2 + 2zz + z 2 )F 2 + F R 

(2a 20 z + 2anz)(ifxz + K(\z\ + + ||/|U_J 2 ) 

- (2a u z + 2a 02 z)(-tfiz + TZ(\z\ + ||/|U_J(M + ||/|| E _J 2 ) - Ag 

On the other hand, (I5.66P means that 

h = A(f - a 20 z 2 - 2a n zz - a 02 z 2 - g) + H R 

Equating the coefficients of the quadratic powers of z, we get 

F 2 — 2ifia 20 = — Aa 20 
F 2 = -Aa u 
F 2 + 2i/j,a 02 = -Aa 02 

and 

h r = f r +j2 <*n\A + ii/uomcm + n/iu.j 2 

Notice that F 2 G E c is smooth, exponentially decreasing function. Hence, there exists a solution 
an in the form 

an = -A- l F 2 (5.67) 

where A~ l stands for regular part of the resolvent R(X) at A = since the singular part of 
R(X)F 2 vanishes for F 2 G E c . The function an is exponentially decreasing at infinity. 
For a 20 and Oq 2 we choose the following inverse operators: 

a 2 o = -04-2^-0)^, a 02 = a 20 = -(A + 2ifx-0)- l F 2 (5.68) 

This choice is motivated by Lemma 13.31 
The remainder Hj can be written as 

Hi = J2(A - 2ifxm - O)" 1 ^, m G {-1,0,1} (5.69) 

m 

with C m G E c , satisfying the estimate 

iiajk = n\ z \ + n/iioM(w + imio 2 (s.ro) 

□ 
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5.2 Normal form for i 

Let us consider the equation (14.521) for z. Substituting (I5.64p into (I4.52p and putting the 
contribution of / = h + k + g into the remainder Zr, we obtain 

z = ifiz+Z 2 (z 2 +2zz+z 2 )+Z 3 {z 3 +3z 2 z+3zz 2 +z 3 )+Z 3Q z 3 +Z 21 z 2 z^ (5.71) 

We have by (jQ4>(|5^5) 

Z' 30 = (a 20 ,jZ[), Z' 21 = (an + a 20 , jZ[), Z' 03 = (a 02 ,jZ[), Z' 12 = (a 02 + a n ,jZ[) (5.72) 

We are specially interested in the resonance term Formulas (H55jl . fl5^7j) . 

(gUD imply 

4i = -{A- 1 ?^^^],^^) - ((A-2^-0)- 1 PW 2 K«],2j^!^l} (5.73) 
For the (u,ju) we get 

(w, jit) = z5, wit/i 5 > (5.74) 

Now we can prove 

Lemma 5.2. Lei i/ie non-degeneracy condition U3 /io/d. T/ien 

ReZ' 21 <0 (5.75) 

Proof. We first notice that the coefficient (A^P^'A^j/u, u], 2j\f 2 [u, u}) that appears in the ex- 
pression (I5.73P for Z' 21 is real since operator A~ 1 2P c j is selfadjoint. Hence (I5.74p implies that 
Re Z' 21 reduces to 

^ r,, ^ ((A-2iiL-0y 1 P c Af 2 \u,u],jAf 2 \u,u}) 2 . . . p , , . . ... .. 

ReZ 21 =Re2^ '- 2[ bJ 2[ J/ = - Im(P(2z> + 0)P c AT 2 [m, u], j'Af 2 [w, u\) 

where we denote 

R{\) = (A-\)-\ Re A > 

Using that P c commutes with R(2ifi + 0), we have R(2i/j l + 0)P C = P c R(2ifi + 0)P C . We have 
also that (P c )*j = jP c , hence 

2 

Re Z' 21 = - 1m(R(2ifj, + 0)a, ja) 
o 

with a = P c Af 2 [u,u}. Now we use the representation (cf.jB], formula(2.1.9)) 

oo 

(R{2in + 0)a,ja) = - f g(A)dA f(^l«j + M^gjA), jaU 

i J \ iX — 2iji — — iX — 2ifx — / 



6 
oo 



9{X)dX{ A-2/. + zO + A + 2j*-*0 



(5.77) 
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Using that = p. v. m8(v), where p. v. is the Cauchy principal value, we obtain 

v + iO v 



(R{2v + 0)a,ja) = J 0(X)dx( l{u f^ )l + '^f^' ) -in9(2fi)\(u(2ifi),ja)\ 2 (5.78) 
The integral terms in (15.78ft is real. Thus, 



lm{R T (2in T + 0)0;, ja) = -7r0(2//)|(u(2i//), ja)\ 2 < 

since 9{2fi) > 0, and 

(u(2ifi),ja) = (u(2ifi), jP c Af2[u,u]) = (u(2if/,), jVV^fu, u]) = — J u 1 (2ifi)(x)N 2 [u,u](x)dx 

= ~\ j ^x^F'^six^l^dx ^ 
by U3. □ 

Further we need an estimate for the remainder Z R . 
Lemma 5.3. The remainder Z R has the form 

\Z R \ = KtQzl + 11/11^) [(M 2 + ||/IU_J 2 + \z\\\g\\B-. + MIWU-J (5.79) 

Proof The remainder Z R is given by 

Z R = Z R + {z + z)(f-k,jZ' 1 ) 
where Z R satisfies estimate (14.50ft . Since / — k — g + h, we have 

|</-*,^>l<c(yi*_ a + NO 

Hence, (15.79ft follows. Now we can apply the Poincare method of normal coordinates to equation 

dEZU). 

Lemma 5.4. (cf. [3, Proposition 4-9]) There exist coefficients Cij such that the new function 
Zi(t) defined by 

2 2 3 2 3 

Z\ = Z + C 2 qZ + C\\ZZ + Cq 2 Z + C^qZ + C\ 2 ZZ + Cq^Z 

satisfies an equation of the form 

z\ = ifiZi + iK\zi\ 2 zi + Z R (5.80) 
where Z R satisfies estimates of the same type as Z R , and 

Re iK = ReZ' 21 < (5.81) 
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Proof. Substituting z\ in equation (15.711) for z and equating the coefficients, we get, in partic- 
ular, 

c 20 = -Z 2 , cry = — -Z 2 , c 02 = -77-^2 (5.82) 

and 

iK = 3Z 3 + Z' 21 + (4c 20 - c n - 2c 20 )Z 2 (5.83) 
Since the coefficients Z 2 and Z3 defined in ( I4.53p are purely imaginary then (15. 8 1 p is follow. □ 

It is easier to deal with y = \z\\ 2 rather that Z\ because y decreases at infinity while z\ 
is oscillating. The equation satisfied by y is simply obtained by multiplying (I5.80P by zi and 
taking the real part: 

y = 2Re(iK)y 2 + Y R , (5.84) 

where 

\Yr\ = M\A + \\f\M\z\ [(\z\ 2 + ||/|U_J 2 + l^llblb-. + \z\\\h\\ E _ a ] . (5.85) 
5.3 Summary of normal forms 

We summarize the main formulas of Sections I5.1H5.2I First we recall that 

/ = k + g + h 

where k and g are defined in (15.651) . The equation satisfied by / and h are respectively (see 
rt4~54"l) and flSjBJ) ) 

f = Af + F R , (5.86) 

h = Ah + H R (5.87) 

Here F R = P c Af 2 [w, w] + F R , F R = F/ + F n + F IH , H R = F R + H r . The remainders F r , F n , 
P c Af 2 [w,w] and F in are estimated in fl4.57p - fl4.59p . fl4.62p . The remainder Hj is estimated in 
flCTj) and flBTTUp . Note, that 

\\f\\E^<C(\\g\\ E _ a + \z\ 2 + \\h\\ E _„) (5.88) 

The second equation describes the evolution of Z\ from (15.801) : 

Z\ = ifxzi + iK\zi\ 2 zi + Z R (5.89) 

where the remainder Z R admits the estimate (15.791) . From (15. 71 p . z and Z\ are related by 

z 1 -z = 0\z\ 2 . (5.90) 

The fourth equation is the dynamics for y = \zi\ 2 

y = 2Re(iK)y 2 + Y R} (5.91) 

where the remainder Y R admits the estimate (15. 85[) . Here Re iK < by Lemma T5.2I that is the 
key point. 
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6 Major ants 

6.1 Notations 

We define the 'majorants' 



-1/2 



MAT) = max \z(t)\ , 

o<t<T 1 w 1 \ 1 + et 



MM = ™x.\\m\w u f 



M 3 (T)=max\\h(t)\\E_ B/2 _ A Y 



et 



-1/2 

log- 1 (2 + et) 

-3/2 

log -1 (2 + £t) 



(6.92) 

(6.93) 
(6.94) 



and denote by M the 3- dimensional vector (.Mi, M 2 , M3). The goal of this section is to prove 
that all these majorants are bounded uniformly in T for sufficiently small e > 0. 

6.2 Bound for g 

Lemma 6.1. For the function g(t) defined in ( 15. 65\) . the following bound holds 



g(t)U a <c\z 



< c- 



o~ > 5/2 



(6.95) 



(l + t)3/2 - "(l + t)3/2 = 

Proof. By fIBTHBl . we have # = -e At A;(0) and fc(0) = a 20 -2 2 (0) + a n z(0)z(0) + a 02 z 2 (0) with a# 
defined in ( 15.671) . (15.681) . Therefore, Lemma I3U1 and assumption (16.1001) imply (16. 95ft . □ 

6.3 Estimate of the remainders 

Lemma 6.2. The remainder Y R defined in ( 15. 85\) admits the estimate 



\Y R \=n{e 1 ' 2 M)- 



r 5/2 



log(2 + e*)(l+ |M|) { 



[l + et) 2 y/et' 

Proof. Using the equality f = k + g + h and estimate (15.851) . we obtain 



(6.96) 



\Y R \=TZ 2 (\z\ + 



(N 2 + Nk + IN 



+ \z\(\\g e-,+ 



+ et 



+ 



1/2 



Mi 



1 + et 
= U(e 1/2 M) 



(l+£)3/2 \i + £t 
e \3/2 



£ \ 3/2 \ 2 

log(2 + et]M s 



[l+tf/ 2 \l + et 

£ 5/2 



log(2 + et)M- 



1 + et) 2 y/e + et 



\og(2 + et)(l + \M\y 



□ 
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Now let us turn to the remainders Fr = Fj + Fjj + Fm, Fr = P c Af2[w,w] + Fr, and 
Hr = Fr + Hi in equations (I5.86P and (I5.87P for / and h respectively. 

Lemma 6.3. For < v < 1/2 the remainder Fr admits the bound 

i/o / e \ 3 /2 

m " • - 



R\\E: 



TZ(e 1/2 M) (y^) log(2 + e*) ((M + A4 2 )(l + M\) + e l ' 2 ^(l + \M\) 



12 



(6.97) 



Proo/. Step i) (dSB and fl5\88|) imply for a = 5/2 + v 

\Fi + F H \\ Ea = TZ(\z\ + \\h\\ L ~)(\z\ 3 + |s|||/|U_ + IIAllx-ll/H^ 

= K(\z\ + WhW^) [\zf + \z\\\g\\E_ + \z\\\h\\B_. + \\fi\\ L ~(\z\ 2 + \\9h-, + 

1/2 e 



^ 1/2 x)((t^) 3 ' 2 ^ + (t 



I log(2 + £t).M 2 



+ et/ (1 + t) 3 / 2 
_M 2 + 



e ■ ,2 -~ 



Mi 



+ 



1 + et 1 (1 + t) 3 / 2 Vl + et 



l + et 

e \ 3 / 2 



log(2 + £t)M 1 M 3 
log(2 + et)M 3 



which implies (16. 9 7ft for Fj + Fjj. 

Step ii) Let us consider H-Fmll^. Bound (I4.59P implies 



\\Fiii\\e 5/2+v 



K{\z\ + \\h\\ L ~){l + t)^{\z^ 

e 



12 



ft( £ 1/2 .M)(l + tf +v log 12 (2 + et) 



1 + 



(M\ 2 + Ml 2 ) 



and then bound (16.971) for F IH follows. 

Lemma 6.4. For < v < 1/2 t/ie remainder Fr admits the bound 



\\F 



R\\E s/2+u nW 



^ V2 M) r ^(M 1 2 +£ 1/2 (1 + |M|) 
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For Fj and .F/j the bound follows from the estimate (I4.57p . Further, by (I4.62p 



(6.9* 



11*1 



in \\w 



K(\z\ 



1 L» 



10 



10 



^(£ 1/2 M) ( — — ) log 10 (2 + e*)(M, 10 + Ml ) 
VI + ££/ 



which together with (I6.97P implies (I6.98P for F in . Finally (I4.58P implies 

\\P c N 2 [w,w)\\ E „ nW = ne^M)^-^ 



and then CT| follows. □ 
The term Hi is represented by (15.691) with C m estimated in (15. 70 p . For C m we now obtain 
Lemma 6.5. For m = 0, ±1, the bounds hold 

e \ 3/2 , 



\\C m \\ ErT = n{e x l 2 M) 



l + et 



M? + £ 1/2 (1 + |M|) 3 . 



(6.99) 
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Proof. Estimate (15.701) implies 

||CV„lk = K(\z\ + ||/||OM(M + || 9 ||e_„ + I|A||e_J- 



+ et 

which implies (I6.99p . 



□ 



6.4 Initial conditions 

We suppose the smallness of initial condition: 

|z(0)| <e 1/2 (6.100) 

11/(0) = ||/i(0) |k <e^K (6.101) 

||/(0)|| OT <^ 1/2 /o (6.102) 

where h , f are some fixed constant, and e > is sufficiently small accordingly ( I2.2ip . Equation 
fl5T90|) implies \zx\ 2 < \z\ 2 + K{\z\)\z\ 3 . Therefore 

y = y(0) = \z 1 (0)\ 2 <e + C(\z(0)\)e 3/2 



(6.103) 



6.5 Estimates via majorants 



This section is devoted to the study the system (15.861) . (I5.87p . (I5.9ip under assumptions (16.1011) . 
(163021) . fl6TT03|) on initial data and the estimates fl6\96|) . flSTWj) . flBT98l) . flBT99|) of the remainders. 
First we consider equation (I5.9ip for y which is of Ricatti type. 



Lemma 6.6. ([3], Proposition 5.6) The solution to \5.91\) with an initial condition and a 
remainder satisfying Ii6.103\) and 116.96}) respectively admits the bound: 



yo 



< TZ(e 1/2 M) 



r 5/2 



l + 2y lmKt [ ~ ' ' J {I + etfy/Ft 

Corollary 6.7. The majorant hA\ satisfies 

M\ = n{e l ' 2 M) (l + £ 1/2 (1 + | .M|) 5 ) 

Proof. Bounds (16303]) and (IBTTOlj) imply 



log(2 + e*)(l + \M\) 1 



(6.104) 



(6.105) 



y < K(e 1,2 M) 



1 + et - u ^f log(2 + rt )(l + |A<|)' 



+ 



Using that \z\ 2 < y + 7?.(|z|)|2;| 3 , we get 

e \ 3 / 2 



\z\ 2 < K{e 1/2 M) 
Hence, flOOBD follows. 



( T fii) a;a M2 + e ( )(l + |A < |)= + ( r ^) 3/ > 



1 + et \l + et 



□ 
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Second we consider equation f!5.86j) for /. 
Lemma 6.8. The solution to $5.86}) admits the bound 

e \i/2 



it" 



< C 



1 + et 



log(2 + et)(f + K{e l ' 2 M){M{ + e 1/2 (l + \M\) 



12 



(6.106) 



Proof. The solution f(x,t) to (I5.86P is expressed as 



f(t) = e At f(0) + / e A ^F R (r)dr 



Using the the bounds (13.361) and the estimates ( 16.981) . ( 16.1021) . we obtain 

t 



1\\L° 



< 



C 



(1 + t) 1 / 2 



ll/(0)|krw + 



C 



(l + (t-r))V2 



\\Fr(t) 



dr 



< C 



k (j^t) V2 + Tl{e^M){M\ + s^(l + \M\) 12 J 



dr e 



< C 



+ t 
e \i/2 



1 + et 



(t-r)V2 i + £T 

o 

log(2 + et) f/ + ft( £ 1/2 .M)(.M 2 + e 1/2 (l + | .M|) 12 



Corollary 6.9. 



M 2 = U(e l/2 M) (m 2 + e^l + \M\) 
Finally we consider equation ( 15 . 8 7|) for h. 



12 



□ 



(6.107) 



Lemma 6.10. The solution to ( 5.87)) admits the bound 
e \ 3 /2 



E- c 



< c 



1 + et 



log(2+et) ( h Q +TZ{e l ' 2 M) \[l+M 2 1 +M 2 ){l+M 2 l )+e l/2 - v {l+\M\) 12 

(6.108) 



Proof. The solution h(x, t) to (15.871) is expressed as 

t 

h = e At h(0) + j e A{t - T) H R (T)dr 
o 

Using the bounds (16. 101 j) . (16.971) . (I6.99j) . Proposition 13.11 and Corollary 13.31 we get 

t 



< 



C 



(1 + t) 3 / 2 



\\K0)\U + 



C 



(l + ( t _ r ))3/2 
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\\F R {r)\\ Ea + Y,\\C m {r)\\ Ea )dr 



< c 



3 

e \ 2 



,1+t 



+ n{e*M) (M 1 +M 2 )(l+M 2 1 )+e*- v (l + \M\) 



12 



log(2+et) dr / e 



t 

+ ^^ 1 / 2 M)(>1? + £ 1 / 2 (1 + |A1|) 3 ) /- 



+ (t-r)) 3 / 2 Vl + er 



;i + (t-r))3 Vl+er, 



£ \3/ 2 



which implies (I6.108p . 
Corollary 6.11. 



M 3 = TZ(e 1/2 M) 



[1 + MI + M 2 )(l + M\) + £ 1/2 ^(1 + |M|) 



12 



□ 



(6.109) 



6.6 Uniform bounds for majorants 

The aim of this section is to prove that if e is sufficiently small, all the Mi are bounded uni- 
formly in T and e. 



Lemma 6.12. Fore sufficiently small, there exists a constant M independent ofT ande, such 
that, 

\M(T)\ < M. (6.110) 



Proof. Combining the inequalities (I6.105p . (I6.107p . and (16.1091) for the Mi, we obtain the 
inequality 

M 2 < 1l(e l/2 M) [(1 + Ml + M 2 f + e 1/2 - u (l + \M\) 24 
Replacing Ml and M 2 in the right-hand by its bound (16.1051) and (16.1071) . we obtain 

M 2 < n(e 1/2 M)(l + e 1/2 - u F(M)) 
where F(M) is an appropriate function. This inequality implies that M is bounded uniformly 



in £ since M(0) is small and M(t) is continuous. 

Corollary 6.13. The following estimates hold for all t > 0, o > 5/2 

/ £ \ V 2 

\z(t)\<M 

\\h\\L°° < m( 



l + et 

£ \l/2 



< M 



\l + £t 

£ \ 3 /2 



l + £t 

< M 



log(l + et), 
log(l + et). 



l + £t 



□ 

(6.111) 

(6.112) 

(6.113) 
(6.114) 



Thus we have proved the following result: 
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Theorem 6.14. Let the conditions of Theorem \2. 3\ hold. Then 

i) for e small enough, one can write the solution of Ii2.15\) in the form 

Y(x, t) = s{x) + (z(t) + z(t))u + f(x, t), 

ii) In addition, for all t > 0, there exists a constant M > such that 

1/2 



\z(t)\ < M 



1 + et 



< M 



1 + et 



a > 5/2. 



(6.115) 



(6.116) 



7 Soliton asymptotics 
7.1 Long time behavior of z(t) 



We start with equation (I5.80P for z\ that we rewrite 

Z\ = ifiZi + iK\zi\ 2 Zi + Z R 
By (15.791) Zr satisfies the estimate 

Zr = K{\z\ + HMUoc) [(|^| 2 + ||/|| E _J 2 + \z\\\g\\ E _ a + \zWMe_ 
i/2 , t s ^ log(2 + et) _ _ 4 . ^ Ce 2 log(2 + et) 



v J {l+etf/ 2 ^el y ' ~ (1 + et) 3 / 2 ^Ft 

On the other hand, we have, from (16. 103[) and (16. 104ft . 

e \ 3/ 2 



y 



1 + 21mKy t 



with \y — e\ < Ce 3 / 2 . With estimate (16.1111) for \z\ and obviously the same one for \zi\, we 
have 

z\ = ifiz\ + iK- — — — — z\ + Z\ (7.117) 



with 



l^il < 



1 + 2 Im Ky t 
Ce 2 log(2 + et) 



{1 + ety/z^E 

Since yo = e + 0(e 3 ^ 2 ), we have that the coefficient 2lmKy = ke. We also denote p - H< h ' 



The solution z\ of (I7.117P is written in the form 

t 



ImK' 



where 



;i + ketf 



2-ip 



zi(0) + J e~^ s {l + kes) 1 / 2 - ip Z 1 (s)ds 
o 



Zl° 



1 + jfeet)i/2- 



+ Zr 



Z^oo — Z\ 



Li 

(0) + J e~> ls (l + kes) 1/2 ~ lp Z 1 (s)ds 
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and 



t 



From the bound (17.11 7j) on Z\ it follows that 

Ce log(2 + et) 



\zr\ < 



[1 + et) 



Therefore Z\(t) satisfies the estimate 

Here z^ = zi(0)+O(e), z = zi + 0{-^—) ) and |z(0)| = e l/2 . Thus 1^1 = e^ 2 + 0(e). Hence, 

1 I st 

the function z(t) can be estimated as 

^ = ^(TTW^ + (TTif 108(2 + ef) ) ( " 19) 

7.2 Proof of soliton asymptotics 

Here we prove our main Theorem 12.31 We have obtained the solution Y(x,y) to fl 2 . 1 5 [) in the 
form 

Y = S + w + f, (7.120) 

We include w into the remainder r± from ( 12.22ft since z (t) ~ r 1/2 by (T7TT91) . It remains to 
extract the dispersive wave W(t)<&± from the term /. 

7.2.1 The asymptotic completeness 

Let us rewrite equation (14.541) as 

h = fi-m 2 f 1 + Q 2 



where 



Qi = (P c M) 1 = -(P d N) 1 = --(N,u 1 }u 1 + ^(N,u 1 }u 1 =0 

10 10 



Q 2 = (P c Af) 2 = (P c Af 2 [w,w}) 2 + (F R ) 2 -Vf 1 
by (I3.33P and (I5.74p . The equations imply the asymptotics of type ( I2.23p . 



f(t) = W (t)f(0) + J W (t - r)Q(r)dr = W (*)(/(0) + j W (-r)Q(r)dr 
o o 

oo 

- J W (t - r)Q(r)dr = W (t)(/> + + r+(t), (7.122) 
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if all the integrals converge. Here Wo(t) is the dynamical group of the free Klein-Gordon 
equation, and Q(t) := (0, Q2(t)). To complete the proof of (I2.23p . it remains to prove the 
following proposition 

Proposition 7.1. The bounds hold 

\\r+(t)\\ E = 0(r 1 ' 3 ), t^oo (7.123) 

Proof. To check (17.1231) . we should obtain an appropriate decay for the function Q2{t). 
Step i) First, according to (14351) . gSZD, (I4T59]) . (167TTTT) . ( fUT2l) . and <KT1M . we have 

\\(F R ) 2 \\ L , = 0(t- 3 / 2 \ogt) (7.124) 

By (J333D, and gJSD 

(P C A/" 2 K iy]) 2 = N 2 [w, w] - (P d N 2 [w, w]) 2 = (z 2 + 2zz + z 2 ) (n 2 [u, u] - 2i/m 1 Z 2 ) 

Hence, f!5.64j) and (I5.65P imply that 

Q 2 = q 20 z 2 + 2q u zz + q 02 z 2 + Q 2R (7.125) 

with 

qij = N 2 [u h ui] - 2iZ 2 /iu 1 - Va ijt i, Q 2R = (F R ) 2 - V(f x - k x ) (7.126) 

where a^i and k\ are the first components of vector- functions and k from (15. 65p . By (11.101) . 
(J5HD, (JSSSD and (16TTT3D 

|in/i-fci)|U2 = G(r 3 / 2 iogt), t^OO, 

Hence, the last bound and (17.1241) imply that 

WQzrWv = 0(^ 3/2 logt), t -)• oo. (7.127) 

Therefore, the term Q 2 fl give the contribution of order 0(t -1 / 2 logi) to r + (t). 

S'tep ii) It remains to estimate the contribution to r + (t) of the quadratic terms q^z 1 ^ from 
(17.1251) . Let us note that the functions qij(x) are smooth with exponential decay at infinity 
similarly to the functions U\{x) and V(x) since e H s _ a with any s > by Lemma [5. II 

On the other hand, the time decay of the functions z l {t)W{t) is very slow like 0(t~ l ). 
Therefore, the contribution of the term qijZ l z~i to r + (t) is the integral of type (I7.122P which 
does not converge absolutely. Fortunately, we may define the integral as 

poo i-T 

I Wit-^qniry^dr := lim / W{t - r)q ij (T)z i z'dT (7.128) 
We prove below the convergence of the integrals with the values in E and the decay rate 

©(r 1 / 3 ). 

First we estimate the contribution of the term qn(x)zz. Note that (17.1191) implies the 
asymptotics zz ~ (1 + ket)^ 1 . 
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Lemma 7.2. Let q(x) G L 2 (R). Then 



lit) 



W n (-r) 



\ dr 



q J 1 + r 



0(t -1 ), t^oo. 



(7.129) 



Proof. Denote u = tu (f ) = ^2 + m2- Then 

oo 

— sinwr g(£) \ c?r 



/(*) 



- coswr g(£) /1 + r 
since the partial integration implies that 



< 



C 



1 + t 



ll?(OMOII 



L 2 



(7.130) 



1 + r 



dr 



de l 



iu(l + t) 



dr 



< 


e iUT 


+ 













u}(1 + t)< 



dr 



< 



c 



(7.131) 



□ 



Next we estimate the contribution from the terms with q2o{x)z 2 and qQ2{x)z 2 to (17.122P 
(cf. [31 Proposition 6.5]). Now (IT. 1 19j) implies the asymptotics z 2 ~ e 2lfJ,T /(l + ket) l ~ 2%p and 
z 2 ~ e- 2 ^ r /(l + ket) 1+2ip . 

Lemma 7.3. Let q(x) G L 2 (R) n L X (E). Then 



Wo{-t) 



\ e ±2i/iT (ir 



q J (l + r) 1 ^ 



C(t 



-1/31 



t — y oo. 



(7.132) 



Proof. We consider for example the integral with e~ 2lpT and omit for simplicity the factor 
(1 + t) 2lp since with the factor the proof is similar. Let us represent sinwr and cos cut as linear 
combination of e tuJT and e~ luJT . The contribution from the "nonresonant" terms with the e~ lWT 
in (17.1321) is C(t _1 ) similarly to fl7.130p - fl7.13ip . It remains to prove that 



J(f) = 

For the fixed > let us denote 

Xr(0 

Then 



-,i(u>— 2fj,) 



T q(0 dr 



1 + r 



L 2 



0{f 



-1/31 



(7.133) 



I(t)< 



1 + r 



L 2 



1, |w(0 - 2/i| < 1/+ 3 
0, |u;(0 - 2/x| > 1/r/ 3 



3 i(2 "^ )r (l-Xr(0)g(0 jr 
1 + r 



L- 



h{t)+I 2 {t) 
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Since q(£) is bounded function, and ||Xr|| 2 < l/ r/3 ? we have 

T (A < C W^\ Loc 

m - aTW 

On the other hand, the partial integration implies that 



oc 



h(t) 



^ ..... , ri f tHt ,,,„ C||g|| i2 
< -r— r II <? II l 2 + ^ / t^ - — t?IMIl 2 ^ 



(2w-m)(1 + t) L^-l + t^ 11 " 7 (i + r )2"-"- - + 



/3 2 
Equating — = 1 — /3, we get /3 = — . □ 

Now Proposition 17.11 is proved. □ 

H Virial type estimates 

We prove the weighted estimate (14.611) . Let us recall that we split the solution Y(t) = 

(V>0, <),*■(•,*)) = S + X(t), and denote X(t) = {^{t),U{t)), (* ,n ) := (^(0),n(0)). Fi- 
nally, our basic condition ( 12.21R implies that for some v > 0. 

||^o|k /2+ „ < d < oo (H. 1) 

Proposition H.l. Lei the potential U satisfy conditions Ul, and \l/o satisfy $H. Then the 
bounds hold 

\\*(t)\\L> <^o)(l + r, t>0 (H. 2) 

We will deduce the proposition from the following two lemmas. The first lemma is well 
known. Denote 

, , h(x,t)\ 2 |^'(x,t)| 2 TTlll 
e(x, t) = 1 l 2 ,l + WK 2 ,l + U(iP(x, t)). 

Lemma H.2. For the solution ip(x,t) of Klein- Gordon equation U.l\) the local energy estimate 
holds 

b b+t 

e(x,t) dx < J e(x, 0) dx, a < b, t > 0. (H. 3) 

a a—t 

Proof. The estimate follows by standard arguments: multiplication of the equation ( 11. II) by 
ip(x, t) and integration over the trapezium ABCD, where A = (a — t, 0), B = (a, t), C = (6, t), 
D = (b + t, 0). Then ( 1H. 31) is obtained after partial integration using that U(if)) > 0. □ 



Lemma H.3. For any o > 

(1 + \x\ a )e(x, t)dx < C{a)(l + t) a+1 I (1 + |x| CT )e(x, 0)dx. (H. 4) 
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Proof. By (HOI) 



x+t 



J(l + \xn( J e(y,t)d y yx< J(l + \xn( J e(y,0)dy)dx. 

x—1 x—l—t 

Hence, 

y+l y+t+l 

Je(y,t)(J(l + \xndxy y < fe(y,0)( J (1 + {x^dx^dy. (H. 5) 



Obviously, 

y+l 



(1 + \x\ a )dx > c(a)(l + \y\ a ) (H. 6) 



with some c(cr) > 0. On the other hand, 



y (l + \x\ r7 )dx<(2t + l)(l + t+\y\y <C(a)(l + ty +l (l + \y\' 7 ) (H. 7) 

i/-t 

since a > 0. Now the bound ijlOjl follows from pO|l - (jHT7|l . □ 



Proof of Proposition [H7T1 First we verify that 

U := J (1 + \x\ 5+2l/ )U(ij (x))dx < oo, if) (x) = ip{x, 0) (H. 

Indeed, ipo( x ) — s ( x ) + ^o( x ) is bounded since \l/ £ -^(M). Hence Ul implies for 

< C7(do)(V>o(a:) ± a) 2 < C(d ) ((s(z) ± a) 2 + ^(x) 2 ' 
and then (HOI) follows by riHTTjl . Now (HOI) with cr = 5 + 2u and flHTTl . (HOI) imply that 





< 2 y (i + ixi 5+ ^)^(x)rfx + 2* y(i + ixi 5 ^)^ y 



< 2rf 2 + 2t[||X ||| 5/2+j/ + f/ ] J(l + s) 6+2 »ds<C(d )(l + t)^ 
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I Proof of Proposition 13.3 



First we prove the following lemma. Let us denote by C(E a , E- a ) the Banach space of the 
linear bounded operators E a — \ E- a . 



Lemma LI. Let L{y), v G R, he the operators E a — > E- a , and 

L(v)-L(v ) 



K(t) = j avY vt Q{v) dp, 
where C G C °°(R), and for k = 0, 1, 2 



Q{y) :- 



v -i/ 



M fc :=su P ||^L(z/)|| £(BctiB _ (t) < oo 
TOi/i a > 1/2 + k and £ := supp (. Then for o > 5/2 

ll^(t)lk ( ^_ CT ) = 0(r 3 / 2 ), t^oo, 

Proof. Let us take G Cq°(R) and split ( = Cit + where 

C lt (u) := C(y)<p((v - u )Vt), ( 2t (v) := - <p((v - u )Vi)] 

Then 

K{t) = J Cu{pV vt Q{v) dv + J ( 2 t(v)e tut Q(v) du = K^t) + K 2 (t) 

Further we consider each term separately. 

Step i) For the first term we obtain integrating twice by parts 



K x {t) 



1 

it 



Q lt e^Q'{v)dv-- I C!( t e wt Q{v)dv 



f2 , C u ^Q{y)dv 

For the appropriate operator norms, we have the bounds 

1 



IIQMII 
\\Q\v)\\ 



\v 


- M 




1 


\v 


-^o| 2 




1 


\v 


-^o| 2 




1 


\v 


-^o| 2 




1 


\v 


-^o| 2 



"0 



L'(r)dr\\ < M x 
L'{v){v -v)-L{p)+L{v q )\\ 



dr — I L\r)dr\\ 

I':, JUQ 



[L'(v)-L'{r)]dr\ 



-—II / [/ L (s)ds]dr\\ < -M 2 
-m Ju Jr 2 



(I. 1) 



(I. 2) 



(I. 3) 



(I. 4) 



(I. 5) 



(I. 6) 
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Hence, (II. 5P implies that 

< ci*- 873 . (i. r) 

for a > 5/2 since |<9*Cit(^)| < C(k)t k / 2 . 

Step ii) For the second summand we obtain by triple partial integration 

K 2 (t) =~J e™\ 2t Q'\v)dv - | J ^% t Q\v)dv 

= K 21 (t) + K 22 (t) + Knit) + K 24 (t). 
Using |<9y(i t (z/)| < C(k)t k/2 , we obtain 

\\K 2j (t)\\c ( E„,E-„)<C 2 r 3 / 2 , j =2,3,4. 

Finally, to estimate K 2 i(t), we use the identity 

V(y)(y - vo? - 2{L{u ) - L(u) - L'(v)(v - v)) 



(zz-z/o) 3 

L"(u)(u-u ) 2 -2 f[ f L"(s)ds}dr 

J vq Jr 



(I. 8) 



which implies that HQ"^)!! < GM 2 j\v — u \. Therefore, 

||^2i(t)IU(E CT)£ _ CT ) <cr 3 / 2 . 

since C2*( zy ) = for \ v ~ ^ol < 

□ 

Proof of Proposition [3T3l The operator e At (A — 2ifi — 0) _1 admits the Laplace representation 

too 

e At (A - 2ifi - 0)- 1 = / e xt R(X + 0)dX R(2iu + 0). 

2m J 

—ioo 

Let us apply the Hilbert identity for the resolvent: 

R{X 1 )R(X 2 ) = [R(Xi) -R(X 2 )}, ReAi,ReA 2 > 0, 

Ai — A 2 

for Ai = A + and A 2 = 2ijj, + 0. Then we obtain 



too 



v ^ ' 2ni J X-2ifi 



28 



/CO 



2ni J v ; \-2ifi 2m J v v A — 2i/i 

—ioo C+UC- 

/ *»<! - C(A)) fl(A + °i:^ + 0) «U = A, ( t ) + *,(,) + K M , 



2-ni 

(-ioo,ioo)\(C + UC_) 



where ((A) E Cg°(zR), CO) = 1 for |A - 2z/i| < 5/2 and ((A) = for |A - 2ifi\ > 5, with 
< 5 < 2/i - y/2. By Lemma O with L(u) = R(iv + 0), 



\K l (t)\WE a ,E_ a ) = o{r i i 2 ), t^OO 



since a > 5/2. The bounds (II. 2j) for follow from Proposition 13.11 For the operator /^(t) 



we also apply Proposition 13.11 and obtain 

\\K 2 (t)\\ c{ E a ,E. a ) = 0(t- 3 / 2 ), t^oo 

Here the choice of the sigh in A — 2i/i — plays the crucial role. Further, the integrand in 
K$(t) is an analytic function of A ^ 0, ±z/i with the values in C(E a , E^ a ) for /3 > 0. At the 
points A = and A = ±i/x the integrand has the poles of finite order. However, all the Laurent 
coefficients vanish when applied to P c h. Hence for K 3 (t) we obtain, twice integrating by parts, 

\\K,{t)P c h\\ E _ a <c{l+t)- 2 \\h\\ Ea1 

completing the proof. 

J Examples 

We construct the examples of the potentials U (if?) satisfying all the conditions Ul - U3. We 
will construct U (if)) by small perturbation of the cubic Ginzburg-Landau potential 

U^):=\(l-^y (J. 9) 

For the potential Uo(ip) the kink is explicitly given by 

x 

Sq(x) :=tanh^= (J. 10) 

v2 

The potential Vo of the linearized eduation reads 

V (x) = Uq(s (x)) - 2 = -3 cosh" 2 

V2 

Let us consider the corresponding Schrodinger operator 

d 2 d 2 3 

H = -—+2 + V (x) 



dx 2 ' dx 2 cosh 2 (xj y/2) 
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restricted to the subspace of odd functions (I2.16p . The continuous spectrum of the operator 
H coincides with the interval [2, oo). It is well known (see [11], pp. 64-65) that 

i) The discrete spectrum of Ho consists only of one point Ao = 3/2 with the corresponding 
eigenfunction <p = sinh(x/v^2)/ cosh 2 (x/ a/2); 

ii) The end point A = 2 of the continuous spectrum is not eigenvalue nor resonance. 

Hence, the Condition U2 holds for the potential Uq. Further, the non-degeneracy condition 
U3 reads 

N sinh 3 (x/V2) 

Mx) ^^m dx ^° (J - n) 



where 6 ( x ) is a nonzero odd solution to 

H 4> 6 (x) 



6ip 6 (x) 



Numerical calculation (16] demonstrate the validity of the condition (IJ. llj) and hence U3 holds. 

The potential Uq{%Ij) satisfies the conditions (II. 2p with a = 1 and m 2 = 2. However, U (ip) 
does not satisfy the conditions (II. 3p since Uq'(±1) = ±6, Uq (±1) = 6. 

Therefore we will construct a small perturbation of the potential Uq. Namely, for an appro- 
priate fixed C > 0, and any sufficiently small 5 > 0, there exist the potentials U(tp) satisfying 
(11.31) such that 



Uty) = U Q {$) for 



sup\U'"(ip)-U "{ip)\ < C 
For example, let us set 

U{tP) = u y>) - 



1\>6, sup|C/W(V0 -Ulf\ip)\ < C5, k = 0,1,2, 

</>eR 



(J. 12) 



-1) 4 + (I^|-1) J 



Xs 



-1) 



where xs(z) = x{z/6 ) x(z) e Q 
the conditions ( 1J. 12[) holds, and 



x( z ) — 1 fo r M < 1/2) an d x(-z) = for \z\ > 1. Then 



U(if>) = (|^| - l) 2 for - 1| < 5/2, and U(ip) = U (ij)) for ||^| - 1| ><J 
Hence, £/(■?/>) satisfies Ul. It remains to prove that £/(0) satisfies U2 and U3. 



Denote S = {x G 



s(x)\ - II 



|sq(x)| — 1| < 5}. Then s(x) = sq(x) and V(x) = Vq(x) 



for x G K. \ S. For £ G 5, using fIJ. 12j) . we obtain 

sup - V Q (x)\ < sup |f7"(s(z)) - U"(s (x))\ + sup |Z7"(s (ar)) - U ' (s (x))\ 
= sup |^'"(0)|sup|s o (z)-s(x)|+O((5) = O((5) 



-1|<<5 



since sup |so(^) ~ s { x )\ — 25. Hence 



sup \ V(x) — Vq{x) 



0(6) 



(J. 13) 
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Let us verify the uniform decay of V(x) for small 5 > 0. We consider the case x > (the case 
x < can be consider similarly). Note that U(ip) > (ip — l) 2 /4 for < ip < 1. Using the 
identity 

s(as) 

we obtain for x > and < s(x) < 1 

/a/2 (is /" \/z ds /- , , / w 

/ / ^ = -\/2 1n l-sx 

v 

Hence, 1 — s(x) < e~ x ^ for x > 0, and then 

|1 - \s{x)\\ < e" |x|/v/ 2, iGl 

Therefore 

< Ce- |x|/v/ 2, i£l (J. 14) 

Finally, the unifirm bounds ( 1J. 13[) and ( 1J. 14)) imply that the conditions U2 and U3 hold for 
the potentials U(ip) for sufficiently small 5 > since they hold for Uq(iJj). 
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